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Modelling the Magnetocaloric Effect Arising from critical 

Behavior of Tb2Rh3Ge Rare-Earth   

Salha Khadhraoui1# , Nadia Zaidi2  and Hanen Hammemi1  

In this paper, we investigated the critical behavior during the transition from the ferromagnetic to 
paramagnetic phase in Tb2Rh3Ge rare-earth. Utilizing the Landau theory, we produced isothermal 
magnetization curves, M(H,T), in the vicinity of the ferromagnetic-to-paramagnetic phase transition. 
Through an iterative program utilizing the Kouvel-Fisher method, we determined the optimized critical 
exponents to be: γ=1.003; β=0.348. These critical exponents are clear and reasonably consistent, although 
they do not align with the conventional universality classes. We have successfully simulated the magnetic 
entropy change curves by combining the Arrott-Noakes equation with the Landau model. 

 

1. Introduction

Changes in physical properties during the 
ferromagnetic-to-paramagnetic phase transition 
play a crucial role in the functionalities and 
underlying physics of magnetic materials, with a 
broad spectrum of applications. These applications 
include magnetic sensors [1], magnetic storage 
devices [2, 3], spintronics devices [4] and magnetic 
cooling [5], among others. Notably, magnetic 
refrigeration relies on the magnetocaloric effect 
(MCE), which results in a reversible temperature 
change in a material when exposed to varying 
magnetic fields [6]. An enhanced magnetic cooling 
system could achieve up to 60% Carnot efficiency, 
providing greater energy efficiency and cost-
effectiveness [7]. Furthermore, it offers 
compactness, a more environmentally friendly 
footprint, and a quieter operating environment due 
to the use of a magnetic solid instead of traditional 
refrigerant fluids. 

The character of a magnetic transition 
significantly influences the practical applications of 
these materials. Two fundamental inquiries 
regarding this phase transition include determining 
the transition's order and establishing its 
universality class based on the critical behavior. 

Regarding critical behavior, various measurable 
parameters in the vicinity of the paramagnetic-to-
ferromagnetic phase transition can be described by 
power laws defined through critical exponents [8, 

9]. These exponent values help classify magnetic 
alloys and elucidate their behavior [10, 11]. Within 
the category of second-order magnetic materials, 
rare-earth-based intermetallic compounds are 
notable for their dense structures and the presence 
of significant, localized magnetic moments [12]. 
Intermetallic alloys, owing to their diverse 
applications, represent a valuable source for the 
development of MCE materials with potential 
benefits [13, 14]. They are recognized for their high 
total magnetic moment quantum number J, 
primarily due to the presence of rare earth 
elements. Additionally, the Lande factor g 
contributes to the amplification of the 
magnetothermal effect in these materials [13]. 
Furthermore, they can be categorized into three 
groups for refrigeration applications based on their 
operational temperature range, typically in 
proximity to the transition temperature [15]. The 
initial category encompasses temperatures below 
80 K, such as Gd20Ho20Tm20Cu20Ni20 [16], 
Er20Ho20Gd20Ni20Co20 [17] and RE6Co2Ga [18]. The 
second group falls within the range of moderate 
temperatures, specifically between 80 and 250 K, 
such as DyZn [19] and La1-xPrxFe12B6 [20]. The third 
category encompasses temperatures found in 
typical room conditions (higher than 250 K), such as 
the nonstoichiometric Er0.65Gd0.35Co2Mnx 
compounds [21]. Recently, Sahu and Strydom [12] 
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provided details on the crystal structure, magnetic 
properties, and MCE in Tb2Rh3Ge compound.  The 
polycrystalline Tb2Rh3Ge sample was synthesized 
using the arc-melting technique. The Tb2Rh3Ge alloy 
was crystallized in Mg2Ni3Si-type of rhombohedral 
Laves phases. Isothermal magnetizations were 
measured at different temperatures T around TC=56 
K.  

In the context of modeling, theoretical 
approaches [22-25] result in the simulation of 
isotherms M(H,T). Efficient numerical techniques 
can be utilized to streamline data generation 
without relying on expensive and time-consuming 
experimental measurements. Employing numerical 
methods [22-25] enables the resolution of the 
transcendental equation to ascertain isothermal 
magnetization. The efficacy of these theoretical 
approaches can streamline and minimize the need 
for numerous experimental measurements. In this 
work, we have described the critical behavior of 
Tb2Rh3Ge rare-earth after generating isotherms 
M(H,T) curves around the Curie temperature TC 
based on the Landau theory. By employing an 
iterative method on a modified Arrot plot (MAP) 
[26] the critical exponents β, γ are set and deduced 
again from the spontaneous magnetization vs. 
temperature, MS(T), and the inverse of the magnetic 
susceptibility vs. temperature,  𝜒0

−1(𝑇), curves. 
Therefore, we examined an efficient approach 
centered on the analysis of Gibbs free energy using 
the Landau model. Based on this resilient Landau 
model, -∆SM curves could be simulated over a broad 
range of validity, making this method a strong 
contender among promising theoretical models for 
MCE simulations. 
  
2. Results and Discussion 

2.1. Arrott–Noakes equation 
Near a second-order paramagnetic to 

ferromagnetic phase transition in a magnetic 
material, the Arrott-Noakes equation of state (ANE) 
is expressed, considering the critical exponents β 
and γ [27]: 

 

(
H

M
)

1

γ
= a0(T − TC) + b0M

1

β                                     (1) 

 
where a0 and b0 are constants. The scaling relations 
of Eq. (1) set the spontaneous magnetization and 
the inverse initial magnetic susceptibility  𝜒0

−1as 

function as the reduced temperature ε =
T−TC

T
 [28]: 

 
MS = M0(−ε)β ; T < TC,                                          (2) 

χ0
−1 = h0εγ ; T > TC,                         (3) 

 
with M0, h0 and X0 are critical amplitudes.  

Indeed, the utilization of the ANE is applicable 
within an extremely limited range: |ε| < 0.1 [29]. 
The concerning temperatures, from given M(H, T) 
data, giving |ε| < 0.1 are: 52, 54, 56, 58 and 60 K. 
Consequently, these limited isotherms around TC 
are not suitable for categorizing theMS(T) and 
χ0

−1(T). Hence, we turn to the Landau theory to 
produce additional isotherms M(H, T) from 52 to 60 
K region.  
  
2.2. Landau theory 

In the vicinity of the TC, the Landau expansion of 
the Gibbs free energy, G, is given as [30]: 

G(T, M) ≅ G0 +
1

2
A(T)M2 +

1

4
B(T)M4 +

1

6
C(T)M6 − MH,                                                               (4) 

where the constant G0 is the energy reference, the 
parameters 𝐴(𝑇), 𝐵(𝑇), and 𝐶(𝑇) are temperature-
dependent variables that characterize 
magnetoelastic coupling and electron condensation 
energy. 

By applying the state of equilibrium near TC, 
∂G

∂M
= 0, the magnetic state equation is derived as 

follows: 
 

H

M
= A(T) + B(T)M2 + C(T)M4              (5) 

 
The A(T), B(T) and C(T) parameters can be 

calculated from the quadratic fitting of  
H

M
 vs. M2 

based on Eq. (5).  Figure 1 presents the A(T), B(T) 
and C(T) coefficients which can be fitted by 
polynomial fits.  

Subsequently, solving Eq. (5) with MATLAB 
software could yield isotherms M(H, T) at any 
temperature in |ε| < 0.1-region. Generated M(H, T) 
from 52 to 60 K with 0.5 K temperature step were 

depicted in Figure 2. 
 

2.3. Critical behavior analysis 
The appropriate values for 𝛽 and 𝛾 are fine-

tuned to ensure the generation of modified Arrot 

plots (MAP). M
1

β vs. (
H

M
)

1

γ
, that exhibit parallel linear 

patterns. Additionally, the critical isotherm (at T =
 TC). The critical isotherm should manifest as a 
linear curve originating from the origin. Choosing 
suitable values for the exponents γ and β can be 
challenging, as incorporating these two adjustable 
parameters in Eq. (1) may result in non-physical fits 
and systematic errors in exponent values. To 
address this challenge, an iterative program based 
on the Kouvel-Fisher method [31] was implemented 
to sort out the proper 𝛾 and 𝛽 values. Initially, 
arbitrary values for γ and β were selected. The 
program in place will iteratively adjust these values 
until two specific conditions are met: (i) Isotherms
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Figure 1. The temperature-dependent coefficients A(T), B(T) and C(T) near TC for Tb2Rh3Ge sample. 
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Figure 2. Interpolating M(H, T) from 52 to 60 K with 
0.5 K temperature using Landau model for 
Tb2Rh3Ge. 
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Figure 3. Modified Arrot plots (MAP), M
1

β vs. (
H

M
)

1

γ
, 

for the Tb2Rh3Ge alloy.

M
1

β vs. (
H

M
)

1

γ
 form straight lines that are parallel, 

and (ii) the critical isotherm (at T =  TC)  intersects 
at the starting point.  

The values that remained stable were identified 
as: 𝛾 = 1.0181 and 𝛽 = 0.3400 for Tb2Rh3Ge. These 
values were  used to create a group of straight lines 
which are clearly parallel in Figure 3. 

In Figure 3, it is worth noting that the linear fits 
of the MAP only encompass the higher magnetic 
field regions, as at lower field strengths, the 
isotherms become magnetized and align in various 
directions [32]. 

The linear regressions of the MAP provide MS
1/β

 

and (χ0
−1)1/γ. The MS(T) and χ0

−1(T) results for 
Tb2Rh3Ge are represented in Figure 4.  Fitting MS(T) 
using Eq. (2) gives: β = 0.360; TC = 56.044 K and 
M0 = 126.735 emu. g−1. Nevertheless, fitting 
χ0

−1(T) using Eq. (3) provides: γ = 1.003; TC =
55.999 K and h0 = 0.229 T. emu−1. g.  

For a more precise determination of the critical 
exponents, utilizing a Log-Log scale on Eq. (2) and 

Eq. (3) results in: ln (
MS

M0
) = β log(−ε) and 

ln (
χ0

−1

h0
) = γ log(ε). The linear regressions of the: 

ln (
MS

M0
) vs. ln(−ε) and log (

χ0
−1

h0
) vs. ln(ε) give β =

0.348 and γ = 1.003 as indicated in Figure 5.   
Observing Figure 5, it becomes evident that β 

value is more similar to the one optimized using the 
iterative approach (β = 0.348).  

These critical exponents (γ and β) do not align 
with the traditional universality classes: Mean -
Field, 3D Heisenberg, 3D Ising, Tricritical Mean -
Field Models. 

To reaffirm the reliability of the obtained critical 
exponent values, additional assurance can be 
obtained through a more effective method involving 
scaling plots M|ε|−β vs. H|ε|−(β+γ) as shown in 
Figure 6. 
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Figure 4. Fitting MS(T) and χ0

−1(T), with Eq. (2) 
and Eq. (3), respectively, for Tb2Rh3Ge compound.  
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Figure 5. The linear fit of (a) ln (
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) vs. log(ε) for Tb2Rh3Ge. 

 
To reaffirm the reliability of the obtained critical 

exponent values, additional assurance can be 
obtained through a more effective method involving 
scaling plots: one above TC and another below TC. 
This affirms the unambiguous and reasonable 
nature of the critical exponents. 
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Figure 6: The scaling plots M|ε|−β vs. H|ε|−(β+γ) 
below and above TC. 
 

2.4. Critical exponents and Landau models 

The expression for the Gibbs free energy in a 
disordered ferromagnetic system undergoing a 
second-order phase transition can be formulated 
using the Landau model as follows [29]: 

G(T, M) = G0 + [
1

1

γ
+1

a(T)M
1

γ
+1

+

1
1

β
+

1

γ
+1

b(T)M
1

β
+

1

γ
+1

− MH
1

γ] 𝐻
1−

1

𝛾                                 (6) 

where 𝐺0 is the reference energy, a(T) and b(T) the 
temperature-dependent parameters encompass the 
magnetoelastic coupling and the energy associated 
with electron condensation [33]. The condition for 

minimizing Eq. (6), (
𝑑𝐺

𝑑𝑀
)

𝑇
= 0, leads to: 

(
H

M
)

1

γ
= a(T) + b(T)M

1

β                   (7) 

However, the magnetic entropy (𝑆𝑀 = −
𝑑𝐺

𝑑𝑇
) by 

removing the spontaneous magnetization [34] 
could be formulated as:      

−∆SM = [
1

1

γ
+1

dA(T)

dT
(M

1

γ
+1

− MS

1

γ
+1

) +

1
1

β
+

1

γ
+1

dB(T)

dT
(M

1

β
+

1

γ
+1

− MS

1

β
+

1

γ
+1

)] H
1− 

1

γ                    (8) 

Magnetizations M vs. applied magnetic field H, at 
different temperatures from 40 to 70 K with 2 K 
temperature step [21] are shown in Figure 7(a). 
With the dependable γ and β values estimated 

above, isotherms (
H

M
)

1

γ
 vs. M

1

β  within the 

temperature range for holes and in the presence of 
strong magnetic fields for the Tb2Rh3Ge compound 
are graphed in Figure 7(b). 

In accordance with the expression given in Eq. 

(7), linear regression analysis of (
H

M
)

1

γ
 vs. M

1

β give the  

a(T), b(T) values which are shown in Figure 8 for 
Tb2Rh3Ge sample.  

Figure 8 shows these criteria: At 𝑇 = 𝑇𝐶 , 𝐴(𝑇𝐶) =

0 ;  
𝜕𝐴

𝜕𝑇
|

𝑇𝐶

≠ 0 ; 𝐵(𝑇𝐶) ≠ 0 and 
𝜕𝐵

𝜕𝑇
|

𝑇𝐶

= 0. These 

criteria align with a second-order ferromagnetic to 
paramagnetic phase transition, as previously 
reported by Amaral et al. [29].  
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Figure 7. (a) Magnetization M vs. applied magnetic field H, measured at different temperatures from 40 to 

70 K with 2 K temperature step [21] and (b) the corresponding (
H

M
)

1

γ
 vs. M

1

β  under high fields (from 2 to 9 

T) for Tb2Rh3Ge compound. 
 

Solving Eq. (6) with the temperature-dependent 
parameters 𝐴(𝑇) and 𝐵(𝑇) results in the generation 
of isotherms for 𝑀. The generated M and the 
calculated MS with the γ and β values are inserted in 
Eq. (7) to generate −∆SM(T) curves. These −∆SM(T) 
curves (blue lines) in Figure 9 are presented and 
juxtaposed with the respective experimental data 
points (symbols) for the Tb2Rh3Ge alloy. 
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Figure 8. The changes in temperature-dependent 
parameters a(T)and b(T) near 𝑇𝐶  for Tb2Rh3Ge 
sample. 
 

A strong correlation between the computed and 
experimental strong correlation between the 
computed and experimental −∆SM(T) curves was 
observed over a wide temperature range, 
demonstrating the potential of these theoretical 
models for simulating the MCE in Tb2Rh3Ge alloy. 
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Figure 9. Simulating −∆SM(T) curves (blue lines) 
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Landau model. The corresponding experimental 
results are presented with symbols Tb2Rh3Ge 

 
3. Conclusion 

Critical behavior at the ferromagnetic 
paramagnetic phase transition in Tb2Rh3Ge alloy 
was investigated. The Landau theory was used to 
produce additional isotherms M(H, T) near the 
ferromagnetic-paramagnetic phase transition of 
Tb2Rh3Ge sample. The exponents (γ ; β) was fine-
tuned to (1.003;0.348). Utilizing these critical 
exponent values, an examination of the Landau 
model was carried out by employing the Gibbs free 
energy. Subsequently, the Landau model was 
successful in simulating−∆SM(H, T) curves. 
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